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Heterogeneous Propellant Combustion

T. L. Jackson¤ and J. Buckmaster†

University of Illinois at Urbana–Champaign, Urbana, Illinois 61801

In earlier work it hasbeen shown that spheres of varioussizes canbe randomlypackedto simulatethemorphology
of ammoniumperchlorate (AP)/binder heterogeneous propellants.A model is now formulated in which propellants
de� ned in this way can be burnt,allowingfor complete couplingbetween the gas-phasephysics, the condensed-phase
physics, and the unsteady nonuniform regression of the propellant surface. The gas-phase kinetics is represented
by a two-step model with parameters � tted to experimental data for the one-dimensional combustion of pure AP
and the one-dimensional combustion of a � ne-AP/binder blend. In the discussion of the pure AP � ts, the issue of
intrinsic instabilities arises, and these are explored using nonlinear direct numerical simulation and a numerical
linear-stability strategy. Results for two-dimensional heterogeneous burning show that surface regions where the
AP and binder can mix regress more rapidly than those dominated by AP; local extinction can occur where the
binder dominates. Time variations in the integrated � ux-based equivalence ratio are shown to be large. Variations
in the average burning rate with pressure are consistent with the (three-dimensional) experimental record.

Nomenclature
cp = speci� c heat
D1;2 = reaction rate constants
d j = diameter of the j th particle class
E = activation energy
f = surface function
M = mass � ux
N j = number in the j th particle class
n1;2 = pressure exponents in the reaction rates
Pr = Prandtl number
P0 = constant background pressure
p = spatially varying � ow pressure
Qg1;g2 = heats of reaction
Qs = heat of decomposition
Ru = universal gas constant
R1;2 = gas-phase reaction rates
rb = surface regression rate
T = temperature
T¤ = � ame temperature
t = time
u; v; w = velocity components
X = mass fraction of ammonium

perchlorate (AP) in the gas phase
Y = mass fraction of binder
Z = mass fraction of AP decompositionproducts
® = mass fraction of AP in the condensed phase
®v = volume fraction of AP in the condensed phase
¯ = mass-based stoichiometric coef� cient
´ = surface function
¸ = heat conductivity
½ = density

Subscripts

AP = ammonium perchlorate
B = binder
c = condensed phase
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g = gas phase
s = surface

I. Introduction

W E are concerned with the numerical calculation of the com-
bustion � eld supported by heterogeneous propellants that

consistof ammonium perchlorate(AP) particles embedded in a fuel
binder. Although a great deal of important work has been done on
this problem, a signi� cant obstacle has been the lack of a model of
the propellant morphology. Recently, however, a random packing
algorithm has been used to pack spheres of various sizes in cubes,
periodicallyarranged,and it has been suggestedthat these structures
can be used for that purpose.1;2 Whereas it is true that AP particles
are not spherical, the algorithm can be used to generate packs for
which the size distribution (the number fraction of particles in any
diameter range) and the packing fraction (the volume fraction of
the cube occupied by the AP) are the same as those for industrial
propellant packs.

An example is shown in Fig. 1. This is a Miller pack3 (SD-III-88-
24) consistingof 31.58% (by weight) of a 200-¹m AP cut, 42.11%
of a 50-¹m AP cut, and 13.68% of a 20-¹m AP cut. Each cut
contains a wide range of particle sizes, and in constructing Fig. 1
we have used data supplied by the Thiokol Corp. (courtesy of
R. Bennett) (see Ref. 2). The packing fraction achieved by the al-
gorithm is 0.7698, which differs insigni� cantly from the true value
of 0.766.

A slice through the cube of Fig. 1, or similar cubes, de� nes
boundary data for the propellant combustion � eld. A slice through
a 100,000 particle pack is shown in Fig. 2. Here the size distri-
bution is de� ned by a single cut, the 200-¹m AP Thiokol Corp.
data, and the packing fraction is 0.6537. This is much smaller than
the stoichiometric value achieved by the pack of Fig. 1, because
the 200-¹m AP data do not include a signi� cant number of small
particles.

The cube of Fig. 2 has sidesof length7.46 mm, and a line through
the cube parallel to any face intersects »(100,000)1=3 ¼ 46 parti-
cles. Thus, even for such a small cube, a large number of mesh
points are required to resolve the condensed-phase thermal � eld
and the gas-phase combustion � eld. The resolution demands are
even higher when a pack of wide-ranging sizes is used, as in the
Miller pack,3 of Fig. 1. Undoubtedly, homogenization strategies
will be needed to deal with the smallest particles, but we shall
avoid the issue in this paper by examining small domains in a two-
dimensional context, random disk packs in squares, periodically
arrayed. The Thiokol Corp. 200-¹m AP data (Table 1) can then
be used to generate packs with packing fractions of 79%, and six
examples are shown in Fig. 3. (That a disk pack leads to higher
packing fractions than a pack of spheres is to be expected when
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Fig. 1 Miller pack3 SD-III-88-24 (10,000 particles) (courtesy of
S. Kochevets): gold spheres have diameters in the range 5–15 ¹m; blue,
16–42 ¹m; and red, 46–211 ¹m. Partial pack with packing fraction
0.595 is shown for clarity.

Fig. 2 Central slice through a 100,000 particle pack (courtesy of
S. Kochevets), packing fraction 0.6537. This uses the 28 different di-
ameters of the Thiokol Corp. 200-¹m AP data, with a random selection
strategy2; each diameter is assigned a different color.

one notes that the inscribed circle occupies a fraction ¼=4 of a
square, whereas the inscribed sphere occupies a fraction ¼=6 of
a cube.) By scaling the particle diameters, we can generate pack
squares of any desired size, and we have chosen a scaling (see
column 2 of Table 1) so that the side of each square is 1 mm.
These are the foundations on which our combustion calculations
are built.

II. Fully Coupled Problem of Propellant Burning
An early and justi� ably famous discussionof heterogeneouspro-

pellant combustion can be found in Ref. 4 (the Beckstead–Derr–
Price model). This accounts for many of the important features of

Table 1 For 101 particles, 200-¹m packing data
(number of particles, diameter)a

d j Scaled d j
b N j

337.400 220.744 1
309.400 202.425 1
283.700 185.611 2
260.650 170.530 3
239.050 156.398 4
218.750 143.117 5
200.600 131.243 5
183.950 120.349 6
168.700 110.372 6
154.700 101.212 6
141.850 92.805 6
130.100 85.118 6
119.300 78.052 5
109.400 71.575 5
100.330 65.641 5
91.980 60.178 5
84.350 55.186 5
77.350 50.606 5
70.930 46.406 5
65.045 42.556 5
59.645 39.023 5
54.695 35.784 5

aOnly 22 different diameters used (cf. Fig. 2) becauseconsol-
idation of large particles is necessary for such a small pack.2
bScaled diameters generate two-dimensional packs of side
1 mm; packs used in the combustion calculations.

Fig. 3 Number of ran-
dom disk packs generated
using the Thiokol Corp.
200-¹m AP data (Table1).

the combustion � eld but, being essentially one dimensional, has
signi� cant de� ciencies. More recent attempts incorporate multidi-
mensional calculations of the gas phase,5 but only Ref. 6 accounts
properly for coupling between the condensed phase and the gas
phase across a nonplanar unsteadily moving interface (the propel-
lant surface). However, the study of Ref. 6 examines, not random
propellant packs, but periodic sandwiches, alternating slices of fuel
binder and AP. It is possible that sandwich calculations will be of
value for model validationat some future time, but only when exper-
imental data become available that approximates that for periodic
sandwiches. The single sandwich studies of Price et al.7 and Price,8

for example, are subject to lateral � uxes of heat and mass, � uxes of
unknown magnitude. In the present paper, we apply the fully cou-
pled strategy to the burning of a random pack. Although in the � nal
analysis we shall describe only two-dimensional calculations, our
formulation will be three dimensional because it is the foundation
for three-dimensionalcalculations that we plan to report later.
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Condensed Phase
In the condensed phase we solve the heat equation

cp½c
@T

@t
D r ¢ .¸c r T / (1)

where we have assumed, for simplicity, that the speci� c heat is the
same as that for the gas; the values of ½c and ¸c are assigned accord-
ing to whether a point is located in the binder or in an AP particle.
The morphology is described by a level-set function Ã.x; y/, de-
� ned by the packing algorithm, which is nonnegative in the AP and
negative in the binder. Thus,

½c D
»

½AP

½B
; ¸c D

»
¸AP; Ã ¸ 0

¸B ; Ã < 0
(2)

Propagation of the Surface
The surface regressesnormal to itselfwith a speed rb .>0/, where

we assume that rb is de� ned by simple pyrolysis laws, namely,

rb D
»

rAP D AAP expf¡EAP=Ru TAP;sg; Ã ¸ 0

rB D AB expf¡EB=Ru TB;sg; Ã < 0
(3)

where T;s is the surface temperature. The activation energies are
large, so that modest variations of T;s lead to large changes in the
regression rate. It is for this reason that propellant surface tempera-
tures have typical values, narrowly de� ned.

It is convenient to represent the surface by

´.x; y; z; t/ D 0 (4)

where ´ is governed by the kinematic relation

@´

@t
C v ¢ r ´ D 0; v D ¡rb n; n D r ´

j r ´j
(5)

where n is a unit vector, normal to the surface, pointing into the gas.
We assume, further, that ´ can be written in the form

´ ´ y ¡ f .x; z; t/ (6)

where f , the surface location, is a single-valued function of .x; z/.
Thus, y is nominally measured perpendicularto the propellant sur-
face, and x and z are nominally measured parallel to the surface.
Should f not be single valued, should a portion of the surface over-
hanganotherportion, the computationaldif� cultiesare signi� cantly
increased, and we do not examine that situation at this time. Now
Eq. (5a) can be written

ft C rb

p
1 C f 2

x C f 2
z D 0 (7)

which is a simple Hamilton–Jacobi equation.

Gas Phase
Gas-phase processes are described by the zero-Mach-number

Navier–Stokes equationsfor a variabledensitygas, the energy equa-
tion, species equations, and suitable chemical kinetics.

We use the simplest possible kinetic scheme, represented by

AP.X /
R1¡! decompositionproducts.Z /

¯Z C binder.Y /
R2¡! � nal products (8)

where

R1 D D1 Pn1
0 X expf¡E1=RuT g (9a)

R2 D D2 Pn2
0 ZY expf¡E2=RuT g (9b)

Because rates (9) do not correspond to real reactions but are rep-
resentative of many, the usual relations between the stoichiometric
coef� cients, the pressureexponents, and the exponents of the react-
ing species do not have to be satis� ed. In due course, we hope to

implement more sophisticated kinetic schemes, guided perhaps by
the kind of data emerging from the program reported in Ref. 9.

The correspondingequations for X; Y; Z , and T are

L.X; Y; Z / D .¡R1; ¡R2; R1 ¡ ¯ R2/ (10)

L.T / D
³

Qg1 R1 C Qg2 R2 C dP0

dt

´¿
cp (11)

where

L ´ ½
D

Dt
¡ r ¢

³
¸g

cp
r

´
(12)

We have assumed that all Lewis numbers are equal to 1, but
temperature-dependent transport is accounted for,10 namely,

¸g D 1:08 £ 10¡4T C 0:0133 W/mK (13)

when T is assigned in degrees Kelvin. Here cp is assumed to be
constant.

The parameter ¯ in Eqs. (8) and (10) is the overall mass-based
AP/binder stoichiometric ratio: ¯ kg of AP, X , are required for
the stoichiometric consumption of 1 kg of binder, Y . The packing
fractionof each of the packs shown in Fig. 3 is 79%, and ¯ is chosen
so that these packs are stoichiometric. Because AP has a speci� c
gravity of 1.95 and the binder a speci� c gravity of 0.92, it follows
that ¯ D 7:97.

Later we shall describehow the kinetic parametersof Eqs. (9) are
determined.

The remaining equations are

P0.t/ D
½RuT

MW
(14)

@½

@t
C r ¢ .½q/ D 0; q D .u; v; w/ D .q1; q2; q3/ (15)

½
Dqi

Dt
D ¡ @p

@xi
C @

@x j

³
Pr¸g

cp

@qi

@x j

´
C @

@x j

³
Pr¸g

cp

@q j

@xi

´

¡ 2

3

@

@xi

³
Pr¸g

cp

@qk

@xk

´
(16)

where the Prandtl number is assumed to be constant and the molec-
ular weight is MW.

Conditions at Propellant Surface
The propellant surface is an interface between the condensed

phase and the gas phase, and certain conditions are imposed there
that relate the solutionin one phaseto that in the other.These include
continuity of tangential velocity so that

[q £ n] D 0 (17)

which, because q D 0 in the condensed phase, can be written

u C v fx D 0; w C v fz D 0; ¡u fz C w fx D 0 (18)

Also the normal mass � ux is continuous so that

[M ] D [½.qn C rb/] D 0 (19)

and this can be written as

M D ½crb D ¡ ½c ftp
1 C f 2

x C f 2
z

D ½g Nvp
1 C f 2

x C f 2
z

(20)

where

Nv D v ¡ u fx ¡ w fz ¡ ft (21)

Continuing, energy conservationat the surface has the form

[¸n ¢ r T ] D ¡Qs M (22)
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and the species � ux condition is

M [Yi ] D [.¸=cp/n ¢ r Yi ] (23)

In all of these formulas [¢] ´ .¢/g ¡ .¢/c; Yi refers to the species
X; Y , or Z ; M is the mass � ux normal to the surface; Qs > 0 .<0/
for an exothermic (endothermic) process; and both rb and Qs take
on differentvalues accordingto whether the surface is AP or binder.

Mapping
It is computationallyconvenient to use the mapping

x; y; z; t ! x; ´ D y ¡ f .x; z; t/; z; t (24)

so that the surface is � at in the new coordinates.Then

@

@x
! @

@x
¡ fx

@

@´
;

@

@y
! @

@´
;

@

@z
! @

@z
¡ fz

@

@´

@

@t
!

@

@t
¡ ft

@

@´
;

D

Dt
!

@

@t
C u

@

@x
C Nv

@

@´
C w

@

@z
(25)

These are used to transformboth the � eld equations and the surface
conditions.

Oseen Approximation
Although our code can include the Navier–Stokes equation (16),

an Oseen approximation signi� cantly reduces the computational
burden, and calculations for sandwich propellants attest to its accu-
racy (see Ref. 6). This approximation is de� ned by

u D w D 0; ½ Nv D ¡½c ft (26)

which violates the no-slip conditions (18), but is consistent with
Eq. (20). Note that the equation of mass conservation(15) becomes

@½

@t
C @

@´
.½ Nv/ D 0 (27)

consistent with Eq. (26b) when gas-phase processes are assumed
to be quasi steady, which is a familiar characteristic of propellant
burning. [Then dP0=dt is neglected in Eq. (11).]

Flame Temperatures
There are two � ame-temperatures of signi� cance to our discus-

sion. The adiabatic � ame temperature for pure AP decomposition
is

T¤AP D T0 C .1=cp/.Qg1 C Qs;AP/ (28)

where T0 is the propellant supply temperature, the temperature far
from the surface. When T0 D 300 K, a suitable choice of T¤AP is
1400 K, and we choose .Qg1 C Qs;AP/ to be consistent with this.

The adiabatic� ame temperaturefor the heterogeneouspropellant
is

T¤H D T0 C .®=cp/.Qg1 C Qs;AP/ C [.1 ¡ ®/=cp ].Qg2 C Qs;B/

(29)

where ® is the mass fraction of AP in the propellant, so that

® D ¯=.1 C ¯/ (30)

A suitable choice for T¤H constrains the value of .Qg2 C Qs;B /.

Parameter Choices
Table 2 shows the parameterchoicesthatwe havemade, typicalof

thosethat can be found in the literature.Some of themarecertain,for
example,½AP (Ref. 11), andothers less so.For example,a wide range
of choiceshavebeen proposedfor how the overallheat generatedby
the AP decompositionshould be distributedbetween surface values
Qs;AP and gas-phase values Qg1, an issue that plays a role in the
discussion of AP instabilities to be found in a later section.

Note that the choices for the regression rate coef� cients AAP and
AB mean that the AP regresses at a speed of 0.287 cm/s when the

Table 2 Parameter values4;5;10;12

Parameter Value

AAP 0:287expfEAP=Ru=865:6g cm/s
AB 0:287expfEB =Ru=915:6g cm/s
cp 0.3 kcal/kg K
EAP=Ru 11,000 K
EB =Ru 7,500 K
MW 26
Pr 1
Qg1 430 kcal/kg
Qg2 3,338 kcal/kg
Qs;AP ¡100 kcal/kg
Qs;B ¡47 kcal/kg
Ru 1.9859 kcal/kmol ¢ K
T0 300 K
T¤AP 1,400 K
T¤H 2,500 K
®v 0.79
® 0.8886
¯ 7.97
¸AP 0.405 W/m ¢ K
¸B 0.276 W/m ¢ K
½AP 1,950 kg/m3

½B 920 kg /m3

surface temperature is 865.6 K (Ref. 12) and the binder regressesat
the same speed when the surface temperature is 915.6 K.

The gas-phasekinetic data are determinedby direct appeal to ex-
periment.When one considersa heterogeneouspropellant,there are
two specialcases for which the combustion� eld is one dimensional:
1)nobinder,so thatonly theAP decompositionoccurs(reaction R1 ),
and 2) the propellant consists of a blend of � ne AP and binder that
supportsa double-structuredde� agration:AP decompositionR1 fol-
lowed by a premixed R2 reaction. Experimental data are available
for the � rst of these,12 and results partly based on experiment are
available for the second,13 and these data permit the determination
of the parameters characterizing R1 and R2 , Eq. (9).

Thus, consider R1 and pure AP decomposition.A standard� ame-
sheet analysis incorporatingEq. (9a) predicts that X is consumed in
the sheet at a rate that is proportional to

expf¡E1=2Ru T¤g

where T¤ is the � ame temperature. It follows that the regressionrate
of the surface has the form

c D A expf¡E1=2Ru T¤g (31)

for some constant A, whence

1
c

dc

dT¤
D

E1

RuT¤
¢

1

2T¤
(32)

Because we assume that the speci� c heat of the solid differs little
from that of the gas (at constant pressure) (obviously more elab-
orate discussions are possible), a one-degree change in the supply
temperature of the solid generates a one-degreechange in the � ame
temperature, and then formula (32) identi� es the so-called sensi-
tivity ¾ . According to Ref. 14, ¾ D 0:002 and so, for T¤ D 1400 K,
E1=Ru D 8000 K , after some minor rounding off.

The � ame-sheet analysis implies that the consumption of X
depends only on parameters that appear in the diffusion and re-
action terms, namely, D1 Pn1

0 ; Qg1; E1; and T¤, and the value
of the transport coef� cients at the � ame sheet. Thus, the regres-
sion rate depends only on these parameters and the density of
the solid, accurately known. In reality, other parameters play a
role, but one that is relatively weak, and so they are not impor-
tant in the numerical/experimental � t. With the selections from
Table 2 and the speci� cation (13) for ¸g.T /, parameters D1 and
n1 can then be chosen to match experimental regressionrates.Thus,
D1 D 1:3718£ 104 g ¢ cm¡3s¡1bar¡n1 , where n1 D 1:7 gives an ex-
cellent � t of c vs P in the pressure range 20–70 atm (Fig. 4a). (See
Sec. III for a discussion of an issue that arises at higher pressures.)
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a)

b)

Fig. 4 One-dimensional comparisons with experiment, ¤ numerical:
a) , experimental pure AP data inferred from Ref. 12 and b) , ex-
perimentally based � ne AP mix data from Ref. 13, mass fraction of
AP = 0.8.

Our model does not capture the low-pressure self-de� agration
limit of AP.

Turning to the stoichiometric AP/binder mix, Z is completely
consumed in the second � ame sheet, so that here,

¾ D .E2=Ru T¤/ ¢ .1=2T¤/ (33)

Compare Eq. (32). According to Ref. 13, ¾ D 0:00088, and so with
the choice T¤H D 2500 K, E2=Ru D 11000 K.

D2 and n2 are determined by � tting burning rates. To do this,
a homogenized description of the stoichiometric AP/binder blend
must be de� ned, and for this purpose, we use the formulas

Qs D ®Qs;AP C .1 ¡ ®/Qs;B (34a)

½ D ®v½AP C .1 ¡ ®v/½B (34b)

¸ D 1
2 [®v¸AP C .1 ¡ ®v/¸B ] C 1

2

£
®v=¸AP C .1 ¡ ®v/

¯
¸¡1

B

¤

(34c)

rb D A expf¡E=RuT;sg (34d)

E D ®v EAP C .1 ¡ ®v/E B (34e)

A D A®v

AP A1 ¡ ®v

B (34f)

where ®v is the volume fraction (packing fraction) of AP. [For-
mulas (34c), (34e), and (34f) are derived from a homogenization
study, which will be described elsewhere.] Thus, D2 D 1:2904£
104 g ¢ cm¡3s¡1bar¡n2, where n2 D 1:75 (Fig. 4b).

Ex post facto calculations of the one-dimensional structure for
the AP/binder blend show that there is some overlap between the
two reaction zones so that Eq. (33) is not quite correct, but its use
is consistentwith the overall accuracy of our model.

The homogenizationissue examined here is only one of two that
need to be considered in general. Thus, for three-dimensional cal-
culations in particular, the smallest AP particles cannot be resolved
numerically and must be accounted for by homogenization.

III. Instabilities in Pure AP Decomposition
Figure 4a is generated by solving the one-dimensional version

of the general code in a time-dependent fashion until steady state
is achieved. When this is done, oscillating instabilities are uncov-
ered at suf� ciently high pressure. These have long been known in
the propellantcontext15;16 and also in other contexts where they are
typically thought of as large-Lewis-numberoscillating instabilities.
Thus, de� agration studies of an asymptotic nature, valid in the limit
of in� nite activation energy, identify a stability boundary when the
Lewis number is large enough.17 Because reaction fronts in ther-
mites can be thought of as de� agrations for which Le D 1, it is not

Fig. 5 Variationsof the burning rate of pure AP with time, for different
pressures.

surprising that a stability boundary can be found in that context at
large enough activation energy.18;19

A closely related problem that can display instabilities is the
exothermicgasi� cation (Qs > 0) of a solid, without gas-phasecom-
bustion, for which the activation energy of the gasi� cation rate rb

is suf� ciently large20; cordite can behave in this way.21;22 (A useful
survey may be found in Ref. 23.) In other words, our formulation,
when restricted to pure AP, is bound to lead to instabilities, even
when R1 ´ 0, if Qs;AP and EAP are suf� ciently large. When they are
not, the addition of a gas-phase � ame de� nes a combined reactive
structure (surface decomposition plus � ame) with a combined Q
(Qs;AP C Qg1 ) and an effective activation energy that can be large
enough.

There is a threshold pressure for generating the one-dimensional
instability, and in Fig. 5 we show variations in the burning rate with
time forvariouspressures.At 60atm, the burningis stable;at 80atm,
a periodic instability is apparent; period doubling, a classical path
to chaos, is apparent at 110 atm; and yet richer dynamic behavior is
apparent at 120 atm.

It is of some interest to examine this instabilityin a linear context,
and to do this, it is � rst necessary to construct the steady unstable
solutions. This also can be done using time integration when use is
made of a trick described in Ref. 24: Instead of holding the pres-
sure � xed, as in the standard direct numerical simulation (DNS)
calculations, which generate Fig. 5, we � x the integral of R1 over
the gas-phasecomputationaldomain.At each fractional time step in
the integration(where a Runge–Kutta solver is used), the pressure is
adjusted to that end, and convergenceto the steady state is achieved.
This generatesthe dashed line of slope0.8370in Fig. 6, an extension
of the results shown in Fig. 4a. The data points on the dashed line
and just below it are mean burning rates de� ned by the unsteady
solution; these show that the one-dimensional instability reduces
the mean burning rate. The middle curves of Fig. 6 are discussed
later.

Once the steady solution is constructed, the linear equations that
describe in� nitesimal perturbationsfrom the steady state can be in-
tegrated using the same numerical tools as for the nonlinearsystem.
In doing this, we can account for nonplanar disturbances using a
modal descriptionin which the disturbancesare assumed to contain
the factor ei kz , where z is measured parallel to the propellantsurface
and k is the wave number, an independentlyassigned parameter.

Figure 7 shows the evolution of perturbations to the burning rate
when k D 0 for variouspressuresand shows that the neutral stability
forone-dimensionalinstabilitieslies close to a pressureof 59.89atm.

If there is only a single unstable eigenfunction, the functions
drawn in Figs 7b and 7c grow like e!t (following initial transients),
and ! may be determined from an examination of the function. In
this way, the frequency [Im.!/] and growth rate [Re.!/] of Fig. 8
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Fig. 6 Mean burning rate vs pressure: upper curve, 1D AP/binder
blend (steady) as in Fig. 4a; lower curve, one-dimensional pure AP
(steady and unsteady, cf. Fig. 4b, but here the mix is stoichiometric);
and middle curves, random disk pack, numerical (±), and experimental
data from Ref. 3 ( ).

a)

b)

c)

Fig. 7 Variations of the perturbation burning rate of pure AP with
time, for different pressures, k = 0.

Fig. 8 Frequency and growth rate vs pressure, k = 0.

Fig. 9 Variations of frequency and growth rate with wave number for
different pressures (from top to bottom): 108.13,85.68,64.85,and 55.02.

Fig. 10 Mean burning rates for pure AP: , Table 2 data and ¤ ,
Qs;AP = 100 and Qg1 = 230.

are constructed. The timescales here are, of course, controlled by
the condensed phase.

Most of the early discussions of these instabilities in the pro-
pellant context are restricted to the one-dimensionalcase, k D 0. An
exceptionis theworkofHigueraandLiñán,16 but their resultsare ex-
pressedwithin a generalnondimensionalframework, rather than the
AP-speci� c physicalframework that we have adoptedhere. Figure 9
shows that, when nonvanishing wave numbers are accounted for,
there is a modest drop in critical pressureand modest changes in the
frequencyand growth rate. At 108.13atm, the most rapidly growing
mode is k » 400 cm¡1 , correspondingto a wavelength of »157 ¹m,
which could only � t onto the large AP particles.

What role these instabilitiesmight play in the heterogeneouscon-
text is far from clear, nor is it clear how important it is that our model
accurately capture the stability details, such as the magnitude of the
critical onset pressure. Not surprisingly,partitioning .Qs;AP C Qg1/
in differentways affects the results; shifting some of the heat output
from the gas phase to the surface lowers the critical pressure. In
Fig. 10 we show the mean burning rate both for the data of Table 2
(cf. Fig. 6) and for the choices Qs;AP D 100 and Qg1 D 230.

One-dimensional DNS calculations for the AP/binder blend re-
vealedno instabilitiesfor the pressuresexaminedhere; thesesimula-
tions excludeboth � nite wave-numbereffects,and non-quasi-steady
gas-phase effects.
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IV. Burning of Random-Pack Propellants
and Effects of Particle Size

We de� ne a propellant pack by a periodic array of squares, each
randomly packed as in one of the packs shown in Fig. 3. To describe
the burn through of a single square, one or more squares are � rst
consumed to ensure that periodic burning has been achieved, that
is, that the consumption of the square is independent of the initial
conditions.

Although each of the packs of Fig. 3 uses the same particles
(Table 1), the different arrangements have an effect on the burn-
through time, but one that does not exceed 2%. Similar variations
are generated if a pack is rotated through90, 180, or 270 deg. These
variationswould be even smaller for large packs, that is, packs using
more particles.

Note that there are nominally 100 particles in each pack, with
diameter nominally 100 ¹m, so that 10 of them intersect a
side (1000 ¹m long) and the total disk area »¼=4 £ 10¡2cm2,

Fig. 11 Surface location at time intervals of 0.002 s over the time in-
terval » 0.136 ¡ 0.261 s for pack 1, at 20 atm.

a) b)

Fig. 12 Combustion � eld for pack 1, 20 atm: color shading indicates the values of 1 ++ 10¡ 6(Qg1R1 ++ Qg2R2)/cp , which has a maximum of a)
8.2632 g ¢ K/cm3s for t = 0:162 s and b) 7.2811 g ¢ K/cm3s for t = 0:242 s. All values greater than 1.5 are assigned a single color.

corresponding to a packing fraction »¼=4. For a regression speed
c D 0:69 cm/s, the thermal wave thickness in the AP, de� ned by
¸AP=½APccp is approximatley 24 ¹m, and the thermal wave thick-
ness in the binder ¸B=½B ccp is approximately 34 ¹m. In the gas, at
a temperature of 1000 K, and with a mass � ux M of 1.202 g/cm2s,
¸g=Mcp is approximately8 ¹m. The burn-throughtime of a square
is approximately 0.1445 s and for a single particle »0.015 s.

Figure 11 shows theburn throughof pack1 at a pressureof 20atm.
(These results, like all those that we show, were generated using the
Oseen model. Spot checks using the full Navier–Stokes code re-
vealed negligibledifferencesfor all quantitiesexcept, of course, the
x componentof velocity.) The lines represent the surface locationat
time intervalsof0.002s in aburn-throughinterval»0:136 ¡ 0:280s.
When a signi� cant portion of the surface consists exclusively of
AP, the local regression is slow compared to that of portions where
signi� cant mixing of AP and binder can occur. For example, the
surface curves crowd together near x D 0:0 cm, y D ¡0:05 cm, but
are spread out near x D ¡0:05 cm, y D ¡0:05 cm.

The nature of the combustion � eld is shown by Fig. 12, which
gives an indication of Q t D Qg1 R1 C Qg2 R2 , also at a pressure of
20 atm. The two times, 0.162 and 0.242 s, are marked in Fig. 11.
The horizontal � ame structures are AP decomposition � ames; the
verticalstructuresarediffusion� ames.Note thatthebaseof eachdif-
fusion � ame lies, not at the AP/binder interface,but on the AP. This
noticeable displacement is a consequenceof the stoichiometry and
the � uxconditions(23)and hasbeendiscussedin simplercontexts.25

For t D 0:242 s, there is a portion of the surface, a cut through a
region of fuel binder, that is shorn of � ame structures. This can be
seen at the 11 o’clock position relative to the large AP particle in
the lower right-handcorner. Should there be a large number of such
regions, so that the � ame-structuresare heavily fractured, it may be
anticipated that extinction would occur, a percolation theory phe-
nomenon.This would happen if the pack were excessivelyfuel rich.

Fluctuations in a number of surface-de�ned quantities are shown
in Figure 13.

1) Surface area deviationsare modest becausethe surfaceremains
fairly � at.

2) The mass � ux is the instantaneous surface integral of the � ux
through the surface; the average value is 1.202 g/cm2s.

3) The equivalence ratio is � ux based; it is the ratio of the in-
stantaneous mass � ux of binder to that of AP, normalized with the
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Fig. 13 Fluctuations in various surface variables with time for pack 1,
at 20 atm.

stoichiometric ratio of these � uxes. During a burn through, there
are intervals for which the � ux is signi� cantly fuel lean, and others
where it is signi� cantly fuel rich.

4) The burningrate is de� nedas the regressionspeedat the bound-
aries x D §0:05 cm and can be compared with the surface spacing
of Fig. 12. The mean value is approximately 0.69 cm/s, and the
excursions from this are signi� cant.

5) Tmax is the instantaneous maximum temperature in the com-
bustion � eld. There are modest variations about the adiabatic � ame
temperature 2500 K.

6) Ts is the instantaneousmaximum surface temperature.
These � uctuationsraise an important question:What is the effect

on the turbulent � ow within the chamber? In Ref. 26, recent cold-
� ow experiments are described in which air is drawn through the
porous side walls of a channel.Different pore sizes lead to different
mean core � ows, ranging from the classical Culick solution27 (also
see Ref. 28) to one that looks similar to a classical turbulentchannel
� ow. The implications are that the small-scale nature of the � ow-
� eld near the surface can strongly affect the nature of the core � ow
but in ways that we do not understand at the present time.

Figure 6 (burn rate vs pressure) shows two sets of data that we
havenotyet discussed,markedbycirclesandsquares.The circlesare
numericalresultsforpack1, delimitedby thepureAP andAP/binder
blend results. At the present time, due to the lack of an adaptive
mesh re� nement tool, we are unable to carry out calculationsabove
»120 atm, and so the interesting question of what happens at high
pressures remains to be addressed.

The squares in Fig. 6 are experimentalburningrates for the Miller
pack3 SD-III-88-24 (see Fig. 1) and are in unexpected agreement
with the numerical results; the experimental con� guration is, of
course, three dimensional, and the pack contains a large amount
of � ne powder to achieve stoichiometry. Thus, the agreement is
fortuitous, but we show it to indicate that the model can capture
experimental trends. In due course we expect to carry out three-
dimensional calculations for a pack that represents the Miller pack,
and these comparisons will have greater signi� cance.

The results that we have presented so far are for packs de� ned
by Table 1. Each pack is a square of side 1000 ¹m (cf. Fig. 11) and
contains 101 particles, de� ning a nominal particle size of 100 ¹m
(»10 particles per side). The same packing data can be modi� ed to
construct packs of particles of different nominal size. To do this,
we pack n(101) particles (where n is an integer) into a rectangle
of height 1000 ¹m and a width that (along with n) controls the
nominal particle size. The size distribution is � xed: If n D 4, there
are 4 largest particles and 20 smallest particles, and the ratio of their
diameters is 220:744=35:784 D 6:169, but the actual diameters are
only 220.744 and 35.784 ¹m for a pack width of 4000 ¹m. Thus, if
n D 2 (202 particles) and the width is 500 ¹m, the particlediameters
are halved, and the nominal diameter is 50 ¹m (»20 particles per
1000 ¹m side and »10 particles per 500 ¹m side).

Fig. 14 Variations in burning rate with nominal AP size, at 20 atm.

Figure 14 shows variations in the burning rate with the nominal
particle diameter for a pressure of 20 atmospheres, and reproduces
the well-known fact that the smaller are the particles in the pack the
more rapid is the regressionrate. Some insight into thisphenomenon
is described in Ref. 6, reproduced in slightly different form here.

Consider the generic reaction–diffusion problem
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Halving L is equivalent to keeping L � xed and making the substi-
tution x ! 1

2
x , whence the equation for Á becomes
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Thus, reducing L is equivalent to introducinganisotropicdiffusion,
augmenting the x-wise diffusion but not the y-wise diffusion. This
speeds up mixing between the components of the R2 reaction.

V. Conclusions
For many decades, the theoretical framework within which het-

erogeneous propellant burning has been discussed has consisted of
a two-dimensional physical picture forced into a one-dimensional
mathematicalmodel.4 This has obviouslybeen of value, and impor-
tant insights have been achieved, but we believe that it is time to
adopt a new paradigm: a multidimensionalnumerical framework of
the kind that we have described here. The key to our approach is
a strategy for representing the propellant morphology as randomly
packed spheres of AP.1;2 With this in place, a fully coupled descrip-
tion of the gas phase, condensed phase, and moving surface allows
for an examinationof fundamental questions of propellant burning.

The speci� c model that we have used here is a simple one, indeed
oversimpli� ed, andone thatomitsmuchphysics;in a word, it is false.
However, unless we have made numerical errors, our results are not
wrong. Indeed, right and wrong is not the correct dichotomy within
which to evaluatethe results.What is importantis theextentto which
they imitate the burning of real propellants, and there are things to
be learnt from both its failures and its successes in this respect. We
anticipate an evolutionary process in which new ingredients will
be added and existing ingredients modi� ed, and we are con� dent
that there will be useful successes despite that for such a complex
problem the model will be eternally false.

There are a number of issues that we have discussed, although
much is unresolved. Exothermic multiphase processes are suscep-
tible to intrinsic oscillating instabilities, there is a large literature
on the subject, and our model for AP decomposition exhibits such
instabilities at high enough pressures. These would undoubtedly
be affectedby melt layers, in-depthcondensed-phasereaction,more
complex gas-phase kinetics, etc., but how important they are in the
description of heterogeneous propellant burning is not clear. We
demonstrate a modest impact on the mean burning rate of pure AP
for pressures »100 atm.
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The speedwith which the surfaceof a randomlypackedpropellant
recedes depends on the local distribution of AP and binder. An ex-
cess of bindercan lead to extinction,an excessofAP leads to modest
regressiondrivenby the AP de� agration,and a mix ofAP and binder
leads to rapid regression augmented by the heat of the AP/binder
reaction. All of these effects are apparent from Figs. 11 and 12.
There are a number of related issues to be explored: the effects of
AP size, the effects of AP size distribution (e.g., the large/small
AP size ratio for a bimodal propellant), the effects of stoichiom-
etry (e.g., extinction for fuel-rich propellants), extinction pressure
intervals, etc. Of particular interest would be three-dimension cal-
culations for the various Miller packs3 for which mean burning-rate
predictions could be compared with the experimental data. These
require a parallelized code running on ASCI-level machines.

Large � uctuations in surface-integrated quantities (mass � ux,
equivalence ratio) occur during a burn through. Our calculations
are for a square of propellant of side L D 1000 ¹m, and clearly the
magnitude of the � uctuations would be different for different val-
ues of L , vanishing as L ! 1. An examination of these variations
with L can de� ne a length scale, characteristic of the � uctuations,
of the kind � xed in the cold-� ow rocket simulation experiments of
Ref. 26 by the choice of pore size in the porous walls. How these
� uctuations affect the core � ow is a dif� cult unsolved problem but
one that must eventually be addressed. The reverse problem, how
the core � ow affects the burningrate (erosiveburning), is an equally
dif� cult problem, one that cannot be seriously addressed without a
propellant burning model of the kind we have described here.
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